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a  crack length 
a  crack growth  
aI  effective crack growth length at crack growth initiation 
α  a/d 
α0  initial value of α 
αf  effective crack length 
b  specimen thickness 
β  brittleness number 
c  elastic equivalent process zone length 
cf  elastic equivalent process zone length for infinitely large specimen 
cn  geometry constant 
d  specimen height  
d0  Bazant transition size 
dg  material characteristic size  
Dg  generic specimen size 
d  shape-independent structure size 
  displacement 
pl  plastic displacement 
el  elastic displacement 
I  displacement at crack growth initiation 
δCOD  crack opening displacement 
max  displacement at Pmax 
E  elastic modulus 
ε  strain  
x 
 
f(α)  function of α 
G  energy release rate 
Gf  energy release rate in an infinitely large specimen 
g(α)  non-dimensional energy release rate function 
J  Rice’s J-integral 
JIc  value of J at crack growth initiation 
KI  mode 1 stress intensity factor 
KIc  mode 1 stress intensity factor at crack growth initiation 
k(α)  non-dimensional stress intensity function 
L  length between 3-point bend supports (span) 
m  empirical constant 
  geometry constant 
n  empirical constant 
P  load 
PI  load at crack growth initiation 
Pmax  maximum load on load-displacement curve 
Sij  load-separation function using two blunt specimens 
Spb  load-separation function using pre-cracked and blunt specimen 
τn  shape-independent stress 
σ  stress 
σN  nominal strength 
y  yield stress 
U  total displacement energy (elastic and plastic) 
V  cross-head velocity 
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 To find material systems that offer low density and high strength, stiffness or 
toughness, hierarchically designed material systems have provided a promising research 
area. This thesis lays the groundwork for designing efficient micro-architectured material 
systems by characterizing size effects for 3d printed polymer parts. 
Two methods were used to analyze data from 3-point bend tests for specimens of 
varying size: the load-separation method was used for finding the point of crack growth 
initiation and Bazant’s method was used to find shape independent strength at failure. 
The strength values were used as inputs for finding size independent material constants 
within a thermodynamic scaling law model. Such material constants were found to not be 
universally applicable across the size scales being considered because the scaling law 
displayed non-monotonic behavior. The strength values showed a local maximum before 
decreasing at the smallest length scales.  
These results are compared to similar analytical and experimental results for both 
quasi-brittle materials and metals. Effects due to fractal crack propagation and specimen 
homogeneity are ruled out in consideration of the evidence for multiple size effects. 
Support is provided to show that the PolyJet process produces layers of varying elastic 
modulus, the thickness of which act as a characteristic length scale and reverse the 










Performance of material systems is associated with many factors, but two of the 
most critical for any application are strength and density. Plotting strength against density 
provides many different options1, but together, material systems follow a similar 
paradigm: to achieve higher strength, greater density is necessary. Scientists have been 
striving to develop material systems with low density and high strength for many years, 
and are unlikely to stop this search anytime soon. A new stepping stone into the domain 
of high-strength, low-density material systems has been in the exploration of micro-
architectured materials. Micro-architectured materials are very simple in conception, 
being based on meso-scale structural principals seen in bridges and buildings. The local 
geometry typically is made up of struts and ties in a lattice structure. The length scale of 
the lattice can vary widely, from nano-meter size to millimeter size, the structure can 
even take advantage of multiple scales, allowing for tailoring of the structure’s 
mechanical properties.   
Until recently, it was not possible to manufacture micro-architectured or multi-
scale material systems. In general, to maintain the monolithic nature of the system, the 
“micro” architecture needs to be at least an order of magnitude smaller than the scale of 
the system. While this requirement will change based on the system under consideration, 
the difference in scales required for making objects of interest requires manufacturing of 
the interior and exterior of complex shapes in the millimeter to nanometer range, which 
has only recently been possible. A variety of additive manufacturing techniques have 
been developed that allow for the creation of very small 3D geometries, that can be used 





Working at these reduced scales, however, leads to new complications. Unlike the 
presentation of Fleck and Ashby1, who present strength as a fundamental and static 
material property, material strength has a third axis: scale. Failure strength for a material 
system typically has an intrinsic and deterministic scaling law, not connected with 
statistical analysis and flaw size, decreasing as size increases. The most basic forms of 
this law are derived from the thermodynamic analysis of systems, applying the 
conservation of energy between strain energy and bond energy. The size of the plastic 
strain field or fracture process zone is of critical importance, as it forms one side of the 
conservation equation. Since the energy needed to break chemical bonds in a material is a 
constant, the relationship between the fracture process zone and the specimen size 
determines the fracture stress. If the specimens are much larger or much smaller than the 
fracture process zone, very little scaling will be noticed, as the strain field is either 
negligible or encompasses the entire specimen. This leads to the expectation that there 
will be two separate asymptotes, and for specimen sizes where the fracture process zone 
is not insignificant but not dominant, there will be a transition between the asymptotes. 
This can provide an opportunity for multi-scale material systems, if length scales of 
internal structure are reduced or refined, a purely energetic analysis stipulates that 
allowable stresses should increase.  
Asymptotic, energetic scaling is a framework which categorizes every material 
system into one of three domains, as seen in Figure 1.1. For specimens which are much 
smaller than d0, taken in this context to be a generic ‘transition size’ (though it can be 
connected to the fracture process zone for a stable crack), failure is best predicted by a 
strength criteria. Alternatively, large structures can fail at much lower loads. For 
specimens larger than the transition length, failure is well predicted by Linear Elastic 
Fracture Mechanics (LEFM). The zone in between is a transition between the two. What 
one recognizes is that ‘strength’ is not a constant valued material parameter.  
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Figure 1.1: Normalized stress vs. brittleness number, showing both LEFM and strength asymptotes2 
  
 
Several uses for multi-scale and micro-architectured materials are currently being 
explored. Amin Ajdari et al. have experimented with different honeycomb structures that 
have identical density, but have significantly different values of E and .19 Figure 1.2 
shows several different hierarchy levels tested and Figures 1.3 and 1.4 shows how the  
Figure 1.2: Multiple hierarchy levels for honeycomb structures, based on geometry factors 1 and 219 
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normalized elastic modulus and Poisson’s ratio of the material system are affected by the 
structural factors 1 and 2. For structures of constant density, structural stiffness can be 
modified by a factor of 3.5. The scales considered by Ajdari are also consistent with 
those available to the Connex printer used in this study. Each level of the hierarchical 
design, however, utilizes a different length scale, and thus each will have different 





Figure 1.3: Elastic modulus tailoring for honeycomb 
structures as a function of geometry factors 1 and 219 
Figure 1.4: Poisson’s Ratio tailoring for honeycomb 
structures as a function of geometry factors 1 and 219 
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Other research efforts have focused on the interconnected effects of micro-
architecture and intrinsic scaling of material strength by using truss structures having 
variable characteristic dimensions. The work of Montemayor et al.20 uses hollow nano-
lattices to form structures, while controlling the wall thickness to tailor the material 
system response. This work and others21 explore the difference between intrinsic size 
effect, associated with characteristic length parameters such as grain size, dg, and 
extrinsic size effect, associated with strength scaling as a function of characteristic 
structural element size, Dg. For metals this has been expressed by Greer et al.
21 as a 3-
dimensional space which shows the relationship between strength, specimen 
characteristic length, and specimen size, Figure 1.5. For a material system with a large 
characteristic structural element size, decreasing the material grain size or decreasing the 
element size will both lead to increased strength of the structure. This behavior is 
expected when Dg>>dg. However, as Dg and dg approach the same length scale, further 
decreases to the characteristic structural element size causes a decrease to the yield 
strength. Even though Greer’s data is drawn only from experiments using metallic 
structures, this is unexpected based purely on a thermodynamic analysis, and important 
result: internal structure, and specifically its relation to specimen size, can affect the 
extrinsic scaling law. Plastic flow typically occurs on length scales greater than dg, as Dg 
approaches dg this can inhibit plastic flow and reduce overall strength.  
Figure 1.5: Spatial relationships between strength, material characteristic size, and specimen size for 
metals.20 Dg is “Diameter” in the above figure and dg is “Grain size”. 
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In polymers, it has primarily been monotonic scaling which has been a subject of interest. 
Carpinteri et al.14 showed that polymers do express a size effect in the form of a transition 
from brittle to ductile behavior as seen in Figure 1.1. No secondary size effect has been 
noted, however. 
 
1.1 Scaling Affected by Inhomogeneity and Fracture Surface Morphology 
 
 While first-order studies of fracture, using a thermodynamic framework to 
analyze a homogenous material, have yielded monotonic scaling laws between two 
asymptotes, more complex material properties or fracture morphologies can produce 
different results. 
 In later years Bazant26 introduced a scaling law which tried to capture crack 
surface fractality, Figure 1.6. Such a model requires that the bulk of the energy dissipated 
via fracture be in the meandering path of the crack front. In practice, for quasi-brittle and 
ductile materials such as polymers, most energy is not dissipated in creating the final 
crack surface, but in either micro-cracking and frictional slip planes (as is the case for 
quasi-brittle materials) or plastic deformation. 
 
 
 Figure 1.6: Scaling law for a single crack with fractal growth.26 
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Scaling which has local maximums has also been noted for material systems with 
variable modulus over their cross sections. In this case, the strength of the material 
system is capturing an effect of the surface area to volume ratio. Vorechovsky25 tested 
concrete pillars with a surface layer that had a reduced strength of about 50%. As the 
surface area to volume ratio increased (reduction in specimen size) the specimens 
exhibited non-monotonic behavior, Figure 1.7. As will be discussed in Section 1.2.1, 
surface affects are of concern for 3d printed photopolymers, and nano-indentation is used 
in this study to determine if any effect on scaling should be expected due to 
inhomogeneous material behavior. 
 
 
1.2 3D Printing Equipment, Printing Modes, and Material 
 
The PolyJet process feeds liquid droplets of photopolymer onto a build tray and 
hardens them with a UV light source. In this study the material VeroWhite Plus is 
considered. This polymer is an acrylic-based photo-polymerizable polymer, proprietary 
to the Stratasys system. The print process is illustrated in Figure 1.8. The Connex 350 has 
several different build modes including High Speed, High Quality, and Digital, each one 




of these modes was tested during the investigation. The High Quality and High Speed 
print modes require that both material feeds be connected to reservoirs of VeroWhite 
Plus. The Digital printing mode only requires a single reservoir of material. The Digital 
print mode is designed to mix multiple materials together to be able to provide a range of 




1.2.1 3D Printed Parts Created with PolyJet Technology 
 
 Determining a specimen’s intrinsic length scale is necessary to evaluate this 
effect. Other studies12 have provided some evidence that the modulus of specimens may 
be variable over the specimen’s cross section. For this reason, the variability of the 
mechanical properties is the Z direction, and within the X-Y plane are considered. 
 Anisotropy produced by PolyJet processing is well documented12,13. Precise 
mechanistic details have not yet been determined, but the anisotropy is believed to be 
Figure 1.8: PolyJet 3D printing process18 
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rooted in the laminar nature of the manufacturing process, creating a sandwich like 
structure. This leads to a loss of strength is the Z direction attributed to lower inter-
laminar strength. Experiments for this study are performed with crack propagation in the 
–Z direction, so inter-laminar strength is not being tested directly.  
 Within the X-Y plane, anisotropy has also been reported.12 The methods used to 
analyze scaling are based on conversion of strain energy into crack surface energy and 
assume homogenous mechanical properties. If mechanical properties are not 
homogenous, there could exist scaling effects associated with the surface area to volume 
ratio. The photo-polymers used for PolyJet printing can continually harden if exposed to 
excess doses of UV radiation (aging). The effect of UV overexposure would be an 
outside surface which may have a higher elastic modulus than the interior of the 
specimen. To study UV overexposure, Blanco et al. tested columns of VeroWhite that 
had sides shaded or un-shaded. The results are shown in Figure 1.7. The un-shaded 





1.3 Experimental and Analytical Approach 
 
 The experimental approach for this study uses geometrically similar specimens 
having three different spans, 4.0 mm, 10.0 mm and 21.9 mm. These specimens are tested 
in 3-point bending to develop load-displacement curves. The load-displacement record is 
Figure 1.7: Differences in elastic modulus of specimen 




the only primary data used in the study. Secondary data such as fracture surface images 
are used to corroborate the results derived from load-separation data. Each of the Connex 
350’s printing modes is tested. 
To analyze this data, the load-separation procedure is used to find the point of 
crack growth initiation. Following this, strengths for the various size specimens are 
developed using Bazant’s method2. 
 While the load-separation procedure primarily feeds into analysis proposed by 
Bazant, both analyses produce significant amounts of secondary data. This secondary 
data allows correlation, primarily concerning J and ductile vs. brittle deformation, 
between the two independent analyses that provide additional confidence in the results.  
 
1.4 Thesis Outline 
 
  Both the experimental methods and analytical methods used are covered in 
Section 2, Data is presented in Section 3 with as little annotation as will allow the reader 
to understand it. The results are analyzed in Section 4 and conclusions and 
recommendations for future work are provided in Section 5 and Section 6.  
 The intermediate results are provided in Appendices, with graphs appearing in the 
body of the report mainly to explain methods or provide end results of an analysis. 
 
1.5 Scope of Investigation and Research Question 
 
 The research question motivating this investigation is deceptively simple: how 
does size scaling affect mechanical response of VeroWhite Plus 3D printed parts, so that 
they can be effectively used in multi-scale, micro-architectured structures? 
 There is significant evidence, for both metals20, ceramics2, and polymers14, that 
smaller specimens should exhibit greater strength. Additional evidence points to the 
possibility that this scaling may not be monotonic between two asymptotes, but could 
have local maxima or minima based on inhomogeneous mechanical behavior, or 
interactions between characteristic structural element size and specimen size which affect 
plastic flow. All materials have a characteristic dimension, below which meso-scale 
11 
 
deformation mechanisms are disrupted. While for metals grain size is typically used for 
the characteristic dimension, and concrete uses aggregate size, it is unclear what the 
characteristic dimension is for polymers, and specifically for 3D printed polymers. If the 
characteristic dimension is at the molecular level, it will not be found in this 
investigation, but if it is an artifact of the manufacturing process, it may be evident in the 
smallest specimens. 
 The primary hypothesis of this thesis is that fracture of 3D printed polymer 
components is dependent on the component size. Further, it is expected that the print 
process will affect the relationship between strength and size, through both surface 



























2. MATERIALS AND METHODS 
 
2.1  Experimental Methods and Materials 
 
2.1.1 Printing and Sample Preparation 
 
 All samples were created with a single material, VeroWhite Plus, a 
photopolymerized acrylic polymer in a typical laboratory environment. To prevent any 
effects of aging, all samples were tested within 24 hours of printing, and most were tested 
within a window that was 2-4 hours after the samples were printed. 
 Daily, weekly and monthly maintenance is required for the printer. The daily 
maintenance requires cleaning of the printer head, which controls the release of printer 
material, and the head wiper, which cleans the head while running. The operating 
software for the printer allows the user to put the printer in a state where these 
mechanisms can be cleansed with isopropyl alcohol. When beginning to print a set of 
samples, the head cleaner and wiper cleaning modulus were both run to clean these 
mechanisms.  
 All specimens were printed such that the built-in notch was facing vertically 
upwards in the Z-direction as seen in Figure 2.4. In this orientation, the crack propagates 
in the –Z direction. The Connex 350 deposits material in the x-y plane, as defined in 
Figure 2.4, building layers with design thickness values as provided in Table 2.1.  
 
Table 2.1: Printing parameters for Connex 35023 
Published Specification 
Printing Mode 
High Quality High Speed Digital 
printed layer thk. (micron) 16 30 30 




All calculations use the published value of the modulus for VeryWhite Plus of 2,500 
MPa22. This value is somewhat higher than what is reported by other sources15 based on 
flexural tests of VeroBlack, and somewhat lower than the values reported for tensile tests. 
Alternative values of the modulus are presented in the Results section based on nano-
indentation. The exact value of this constant does not affect the conclusions of this paper.  
 After printing, support material was removed from the bottoms of the samples 
(the specimens did not have any overhangs, so support material was only on the bottom 
of the specimens) with the back of a razor blade. When building up the sample layers, the 
printer does not create a perfectly prismatic specimen in the Z-direction, in particular near 
the top and bottom of the specimens. Along the bottom of the specimens, the samples 
exceed the model dimensions, whereas near the top edge of the specimens there is a slight 
taper, undercutting the model dimensions. This is seen in Figure 2.1. The bottom edges 
were lightly scored with a razor blade. This was mainly done so that the specimens would 
lay flat while performing pre-cracking. Figure 2.2 shows a typical sample after the flared 
edges were removed. Following removal of support material and bottom protrusions, all 
samples were lightly rinsed and cleaned with isopropyl alcohol to remove residual 
support material. 
After cleaning, all specimens are numbered (or given identifying marks) on both 
sides of the crack face for tracking purposes using a Sharpie fine tip pen. Three 
measurements are taken for each specimen: its height, its width, and its ¾ width, which is 
the width at the crack front. All measurements are performed in the area directly adjacent 
to the crack with a Mitutoyo digital micrometer with an accuracy of 0.001mm. 
Measurements are provided in Appendix V. The measurements are logged with the 
identification number or color sequence of the sample. The measurements show that the 
height of the samples is very close to the input model. With the widths being somewhat 

















Figure 2.2: Typical specimen after breaking edges 
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2.1.1.1  Creating Sharp and Blunt Notches 
 
Samples were printed with a V-notch in them that had an a/W value of 
approximately 0.4. This was done so that the razor blade used to create the sharp notch 
would have to penetrate the minimum amount of material. To make both the sharp and 
blunt notches, the samples were score with calipers, having an accuracy of 0.05mm, 
which were set to the desired ligament length. To create the sharp crack tip, a Hyde Tool 
razor blade (tip thickness of 0.009”) was pressed into the sample under a microscope 
until the razor blade had penetrated to the edge of the score mark furthest from the 
printed-in notch. Razor blade and specimen fixtures were created to ensure orthogonality 
of the crack front.  
To develop the blunt notches, which are needed for the load separation method, 
the samples were milled using a Sherline Model 5410 milling machine with a 0.025” 
(0.635 mm) diameter end mill. The Sherline uses hand controls and digital position 
readouts. A similar procedure was used to make sure the blunt notched dimensions were 
correct. The specimens would be marked and an iterative process was used to find the 
mill position that created the correct ligament length. Once the mill measurement was 
found on a sample specimen, test specimens could typically be created without milling 
multiple times. An image of a 4.0 mm sample which is about to be tested and has a blunt 
notch is shown in Figure 2.3. The same diameter end mill was used to create the blunt 





Figure 2.3: 4.0 mm specimen showing blunt notch and 4.0 mm testing fixtures, taken immediately before 
testing the sample 
To collect fracture surface images, the samples were put in a freezer below 32F 
to allow the samples to cool thoroughly and then broken by hand as quickly as possible to 






Table 2.2: Dimensions of models used as inputs for 3d printing. Actual as-printed specimen dimensions are 
recorded in Appendix V. 
Specimen Size b (mm) L (mm) d (mm) a/d (printed) 
4.0 mm 0.50 4.00 1.00 0.33 
10.0 mm 1.25 10.00 2.50 0.33 
21.9 mm 2.74 21.90 5.48 0.47 
 
 
2.1.1.2  Preparation of Samples for Nano-indentation 
 
To prepare the samples for the nano-indentation experiments, they were cleaned 
and encased in an epoxy having a low modulus of elasticity relative to the VeroWhite 
Plus samples. It was common after sample cleaning that there would be excess support 
material stuck to the surface of the sample. For samples undergoing mechanical testing, 
this was considered negligible and the samples were washed with alcohol to remove any 
large deposits. However, for nano-indentation even light debris may affect results. 
Therefore, before being encased in epoxy, each sample spent 24 hours in a NaOH bath to 
dissolve any support material from the surface and was then cleaned with isopropyl 
alcohol. The 10.0 mm and 21.9 mm samples were glued in a vertical position to the 
bottom of a small plastic disk using Krazy Glue. The epoxies were added to the dish and 
let to set for ~48 hours. The samples were machined and then polished using a final 
polishing suspension of 1m. The 4.0 mm samples were attached to pieces of aluminum 
Figure 2.4: Input model for specimens. L is denoted as the free span for the 3-point bend tests, actual samples were 
printed slightly longer to overhand the 3-point bend rollers. 
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using Krazy Glue and overhung into the solidifying epoxy instead of glued to the bottom 
of the dish and were similarly polished. 
Published values for hardness of both VeroWhite Plus and the epoxies used are 
shown in Table 2.3. Additionally, an image of a specimen after polishing is shown in 
Figure 2.5. 
 
Table 2.3: Shore D Hardness values for VeroWhite and casting epoxies 
Published hardness values for specimen and epoxy resins 
Vero White Plus22 85 Shore D 
Scotch-Weld DP 10523 25-30 Shore D 
Resinlab EP112124 60 Shore D 
 
 












Figure 2.6 shows how the nano-indentation was performed. The first two runs began in 
the epoxy and went to the center of the specimen. The third run was a high-resolution 
sample of the interface between the sample and epoxy from Run 1. 
 
2.1.2  Testing of Samples 
 
Samples were tested on a Bose ELF 320 using a 50N load cell under displacement 
control. To ensure a properly controlled strain rate, the Bose was calibrated for each 
specimen size. Calibration constants can be found in Appendix IV. 
The setup of the test equipment involved three different 3-point bend fixtures as 
well as a digital, high resolution camera which was used to help with alignment of 
samples and to collect images at different points of fracture. 
With the correct crosshead speed, and using appropriately calibrated control loop, 
each specimen was tested under displacement control to a pre-determined displacement 
Figure 2.6: Run #1 and Run #2 for nano-indentation of 21.9 mm sample. Run #3 was a high-resolution scan of the 
interface from Run #1. 
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and then unloaded. For sharp notched specimens, the run was carefully monitored such 
that unloading occurred as soon as possible after completion of the test (usually 1-2 
seconds) such that crack growth did not continue to occur. 
 
Figure 2.7: Schematic of the bottom fixture used to test 4.00 mm samples. The diameter of the curved tips 
are 1.0 mm and are separated center-to-center by 4.0 mm. The 4 poles protruding from the sharp edges held 
the samples vertically during testing, the pillars were filed by hand to ensure the samples were held vertical 
without experiencing any pinching. The fixture was attached by a single screw into the bottom hole and 
















Figure 2.9: Schematic of 21.9 mm 3-point bend, bottom fixture. The value of A is 18.9 mm and 1.5 mm 
diameter stainless steel rollers were used in conjunction with the top and bottom fixtures. The value of A 
for the 10.0 mm fixture (not shown) is 7.0 mm. The 10.0 mm fixture is used with the same top fixture, 
uses the 1.5 mm diameter rollers and mates with the testing equipment in an identical way.28 
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2.1.2.1  Displacement Control for Constant Strain Rate 
 
 The specimens used in this study exhibit, like many polymers, viscoelastic 
behavior. To measure the same response from multiple specimens, a constant bending 
strain rate must be used across all sizes. To enforce a constant bending strain, the 
following formula is used14: 
 
𝜀̇ =  
6𝑉𝑑
𝐿2
 = 0.0015     (2.1) 
 
Where ̇ is the strain rate, V is the cross-head displacement and d and L are per Figure 
2.4. The following chart provides the crosshead velocities calculated with this strain rate 
 
Table 2.4: Crosshead speed for each specimen size to maintain constant strain rate 
Specimen Size 
(mm) 






 It was desired that the specimens across all sizes exhibit some ductile crack 
growth. Too high of a strain rate tended to lead to brittle fracture without any stable crack 
growth. The strain rate of 0.0015 was found experimentally to be to be just under the 
limit at which brittle fracture dominates over ductile fracture growth for the 10.0 mm 
specimens. As will be shown in the Results section, by being near the high limit of strain 
rate, specimen size effects were observed in the load-displacement curves themselves.  
 
2.1.2.2   Accounting for Stiffness of Fixtures 
 
All experimental results in this work are provided after being corrected to account 
for the stiffness of the test equipment and indentation of fixtures into the samples. 
An image of the experimental setup used for determining the over-all system 
stiffness in the absence of specimen bending or crack growth is shown in Figure 2.10 and 
24 
 
Figure 2.11. For the 10.0 mm and 21.9 mm specimens, he roller supports were removed 
from their notches, taped together and placed on the base of the 3-point bend apparatus. 
Half of a sample was cut and placed over the adjacent roller supports. For the 4.0 mm 
sample, since the fixtures were printed, a separate fixture was made without any space 
between the roller supports. A schematic of the 4.0 mm stiffness fixture is provided in 
Figure 2.10. Testing was performed at the same cross-head speed as that used for data 
collection during the fracture tests. 
The goal of this calibration is to find, for each force measurement, a 
corresponding displacement which is not due to bending or crack growth, but is due only 
to the internal compliance of the testing apparatus. The compliance of the testing 
apparatus is subtracted from the results obtained during fracture tests, leaving a P vs.  
record which captures only the behavior of the specimen, and is independent of the 
testing equipment. 
Instead of a point-by-point procedure where every P has a corresponding , a 
curve fitting procedure was used. In some unique cases, multiple curves were used over 
different domains. 
Stiffness calibration data is presented in Appendix III and are not considered an 






Figure 2.10: Bottom fixture used to find the stiffness of 4.0 mm testing equipment setup. The fixture is 
identical to that shown in Figure 2.7, except the center-to-center dimension has been changed to 1.0 mm, 















Figure 2.12: Photograph of experimental setup for determining stiffness of testing equipment 




2.2  Analytical Models  
 
2.2.1  Determination of Crack Growth Initiation Point 
 
 There are several methods widely used to determine crack growth initiation. The 
most prevalent is the ASTM industrial standard3. It is also possible to determine crack 
initiation via many nominally identical specimens and micrography, or to apply the 
newer load-separation method, which was eventually used.  
 
2.2.1.1  0.2mm ASTM Criteria 
 
This criterion defines JIc as the intersection of the power-law fit to J-Δa data and a 
line parallel to the blunting line at a 0.2mm offset. An alternate approach is to merely use 
the intersection of the blunting line with the power-law fit to J-Δa data. There are several 
objections to applying either of these methods in our current study. The blunting line is 
typically expresses in the following way: 
 
𝐽 = 2𝜎𝑦𝛥𝑎     (2.2) 
 
This equation is derived from two empirical equations (O’Brien and Ferguson4): 
 
∆𝑎 = 𝑛 𝛿𝐶𝑂𝐷      (2.3) 
 
𝐽 = 𝑚 𝜎 𝛿𝐶𝑂𝐷      (2.4) 
 
In both the above equations, δcod is the COD, σ is either the yield stress or the flow stress, 
n is an empirical constant taken to be 1/3 < n < 
1/2 and m is another empirical constant  
1< m < 2.6. Equation (2.2) was originally derived for high strength materials in plain 




For softer tougher materials, [Equation 2.2] does not fit the experimentally 
determined blunting line . . . [which can be] as much as three times as steep . . . 
For these high toughness materials then, it seems necessary to determine the 
blunting line experimentally for each material in order to use it with confidence. 
 
 While this procedure could have been used to find JIc, it requires creation of the 
entire J-Δa curve, which was attempted via several methods over the course of the 
investigation and abandoned based on inconsistency. In fact, the difficulty in obtaining a 
J-Δa curve (specifically via measurement of crack surface area or the unloading 
compliance technique) is one of the chief circumstances leading to the development of 
more robust methods with fewer subjective inputs. 
If construction of the blunting line were not a big enough hurdle to clear, the use 
of a static offset of such a relatively large amount makes this procedure untenable. The 
ASTM requirement is mainly useful for industrial applications, where specimens already 
meet the size requirements imposed by the standard (i.e., large specimens) and are more 
in line with the assumptions underpinning Equation (2.2). The 0.2mm offset is suggested 
by The Welding Institute (TWI) working group5, under the justification that 0.2mm “is 
small enough to be close to the point at which the notch becomes unstable and crack 
initiation commences, but large enough to be experimentally measureable.” However, it 
is not appropriate for studying polymers, let alone scaling. 
 
2.2.1.2  Micrography 
 
The method for finding crack growth initiation requires testing many nominally 
identical samples, stop the test at different points and examine the fracture surfaces. Baldi 
et al.6 have investigated crack initiation in polymers and have shown that even using 
SEM techniques, certain assumptions must be taken because the crack front is never truly 
straight for any specimen and that for very small scale investigations (m crack growth) 
it is impossible to separate blunting from true crack growth. For this reason, 
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investigations using micrography techniques to determine ai are reliant on heuristics and 
assumptions. 
 
2.2.1.3   Load-Separation Criteria 
 
This technique assumes that the load, P, recorded during a fracture test can be 
represented as two separate functions6,7,8,9,10,11:  






)      (2.5) 
Where G(a/d) is a geometry function and H(δpl/d) is a material deformation function and 
the plastic deformation is defined as: 
    𝛿𝑝𝑙 =  𝛿 −  𝛿𝑒𝑙 =  𝛿 −  
𝑃
𝐸
     (2.6) 
The assumption of separability can be verified experimentally by using the function Sij, 
which is the ratio of the loads for two different, nominally identical specimens (specimen 
i and specimen j) with different, stationary (blunt), crack lengths ai and aj. 































   (2.7) 
To use the load-separation method, the function Sij must be a constant over the domain 
under consideration. The load-separation procedure has been used successfully on 
numerous polymers including polypropylene9,10,11, ABS6,7,10,11, medium and high impact 
polystyrene7,10,11 and others.  
 
Once the range over which the load-separation assumption is valid has been found, a 
second test is performed, this time using a blunt notched specimen (b) and a sharp 
notched specimen (p).  





    (2.8) 
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In this case Pp is the load, at a given plastic displacement, experienced by the sharp-
notched specimen and Pb is the load, at the same plastic displacement, experienced by the 
blunt-notched specimen. Unlike the where both ai and aj are constant, the ratio ap/ab can 
change as the sharp-notched crack grows. The graph of Ssb will, therefore, have 3 distinct 
phases: an initial zone where the load-separation assumption is not valid, a zone of 
constant Ssb, and finally a zone of falling Ssb. The decrease in Spb signifies that the 
geometry of the specimens being compared is not constant, and is interpreted as crack 
growth. The expected behavior of the Spb curve is shown graphically in Figure 2.12.  
 
As is typical for analysis of experimental data, some results prove neat and easy 
to interpret, others are more ambiguous and require the development of secondary models 
to limit qualitative interpretations. To analyze, with the least bias as possible, the 
different regions on the Spb curves, best-fit lines were used. Through an iterative method, 
the apparent constant crack length zone plateau zone was defined by a best-fit line having 
a slope as near as possible to zero, divergence of the slope from zero demonstrated that 
the domain had ended. Another best-fit line is constructed to span the growing crack zone 
and crack growth initiation is defined as the intersection of these two best-fit lines. These 
methods are used because there is not always a sharp intersection between the constant 
crack length zone and the growing crack zone which is easily distinguishable. Instead of 
Figure 2.13: Idealize Spb load-separation diagram11 
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a sharp intersection, the zones curve into one another, which is attributed to crack tip 
blunting. The one exception to this is 4.0 mm High Speed and Digital printing modes, 
where a sharp intersection existed. Why the High Speed and Digital modes for 4.0 mm 
specimens showed different levels of plastic deformation is discussed in the Analysis 
section. 
  
2.2.2 Determining JIc from Crack Initiation Data 
 
With the point of crack initiation known by the load-separation method. 
Determining JIc is straightforward: 
    𝐽𝑖 =  
𝜂𝑈
𝑑(𝑏−∆𝑎)





    (2.9) 
 
d and b were measured values (not input values to the printer). Based on the printing 
mode these values were slightly different. Eta () is a geometry constant. U was found by 
integrating a high-order polynomial best fit curve of the load-displacement behavior from 
0  δi, which was found from the plastic displacement at fracture, load at fracture and 
initial stiffness of the specimen. 
 
2.2.3  Energetic Scaling Analysis 
 
 The scaling analysis of Bazant2 begins with the proposition of a K controlled 
stress field for geometrically similar specimens of two different sizes. If K is identical for 
each specimen, they will have identical stress fields centered on the crack tip. If both a 
large and small specimen undergo identical crack growth a, the large specimen has a 
greater volume over which the stress is reduced to zero. As the reduction in strain energy 
for both specimens must be identical, the stress value prior to crack growth must be 
greater in the smaller specimen to satisfy the energy balance.  
 From experience, measured values of G and K, both approach constant values as 
size increases. For infinitely large specimens, the fracture process zone is infinitesimal in 
comparison to the total volume of the specimen so LEFM applies exactly. The first value 
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taken as a material property, used as an input to the scaling law is therefore the value of 
G as d  infinity, this is Gf. This provides the baseline, from which our scaling law will 
deviate. The second piece we need must be a length (so it can be compared/normalized 
by the specimen size), for this we take the elastic equivalent length of the fracture process 
zone, cf. Keep in mind the fracture process zone, even in the infinite media, is not zero, 
c/d is zero. 
 Our analysis starts with several simple definitions from LEFM and beam theory: 
 
𝜎𝑁 =  𝑐𝑛
𝑃𝑢
𝑏𝑑
      (2.10) 
 
𝐾𝐼 =  √𝐺𝐸      (2.11) 
 
𝐾𝐼 =  
𝑃𝑘(𝛼)
𝑏√𝑑
      (2.12) 
 
𝑈 =  (
𝜎2
2𝐸
) 𝑏𝑑2𝑓(𝛼)    (2.13) 
  
Equation (2.10) is simply the nominal bending stress at the extreme fiber of a beam under 
3-point bending, where cn is a geometric constant equal to 1.5L/d. Equation (2.11) and 
Equation (2.12) are foundational to LEFM, the first relating the stress intensity factor, KI, 
to the energy release rate, G, the second relates the load P to KI for a given geometry. 
Equation (2.13) is the strain energy of the body, with f(α) being a function of a/b. 
One of the basic principles of this analysis is that while the energy required to 
create new fracture surface is a material property, the measured value of G is not. The 
apparent energy release rate is a function of the fracture process zone length (which is 
proportional to c) over the specimen characteristic length. Since c also determines the 
value of g(α), it can be assumed that G and g(α) scale in the same way, therefore their 











𝐺 =  𝐺𝑓
𝑔(𝛼)
𝑔(𝛼𝑓)
      (2.15) 
 
and approximating g(αf) by a Taylor series 
 
       𝑔(𝛼𝑓) = 𝑔(𝛼0) + 𝑔
`(𝛼0)(𝛼𝑓 − 𝛼0)    (2.16) 
 
gives the following scaling law 
 






     (2.17) 
 
which may be re-written as  
 










                𝜏𝑁 =  
𝑃𝑢
𝑏𝑑
√𝑔′(𝛼0)     (2.19) 
 
?̅? =  
𝑔(𝛼0)
𝑔`(𝛼0)
𝑑               (2.20) 
 
Equations (2.19) and (2.20) represent the shape-independent stress and the shape-
independent structure size. Of note is that all τN and ?̅? are dependent only on measurable 
quantities: the fracture stress, geometric measurements, g(α) and its first derivative g`(α).  
 The method for finding Kf and cf is to calculate τN and ?̅? for every specimen and 
then find the which best fit this data.  
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The Bazant procedure has very simple inputs. The geometric dimensions were 
obtained from measurements performed on each sample. The value of Pu, which is 
defined as the maximum or ultimate load, is easy to interpret for brittle specimens, where 
no ductile crest and tail exist, but could have several interpretations for polymers. In this 
analysis, it is taken as the load corresponding to the point of crack growth initiation. 
From our load-separation analysis, this point can be found. Using high-order polynomial 
fitting, the estimated load at fracture is determined. Using the same best-fit curve, a 
maximum, or peak, load is also found, which will be used later. 
The goal of analysis is to determine the fracture process zone length, c, and the 
stress intensity factor, KI, in an infinitely large specimen. These are taken as fundamental 
material properties, independent of specimen size and shape. For large data sets, the 
values of KIf and cf can be found either through linear fitting, or optimization fitting. For 
smaller data sets, curves can be constructed of KIf vs. cf, each specimen size having its 
own curve. Because KIf and cf are material constants, all the data sets should intersect a 
single point. 
 
2.2.4 Ductile vs. Brittle Fracture 
 
 From a qualitative viewpoint, it has also been exhibited that larger polymeric 
structures are more prone to brittle fracture. The follow qualitative load-displacement 
curves from Carpenteri et al.14 illustrate the type of load-displacement curves which are 
expected from both small (Figure 2.13.A), medium (Figure 2.13.B) and large (Figure 
2.13.C) specimens. The overall shape of the load-displacement curve will be one of the 





Figure 2.14: Idealized load-displacement diagrams showing fully ductile, ductile-brittle, and brittle 
fracture14 
 
In addition to the shape of the load-separation curve, images of fracture surfaces for 

























3.1 Load-Displacement Curves 
 
 The basic data collected on each sample is reaction load vs. cross head 
displacement. The complete set of load-displacement curves are presented in Appendix I, 
this section covers how the data was modified and how to interpret that data. The load-
displacement curves in Appendix I have all be modified in two ways: the displacement 
has been corrected to remove the effects of the testing equipment compliance, and the 
zero value of the displacement has been corrected to compensate for the fact that the 
cross-head fixture is not initially in contact with the specimen. The method used to 
develop equipment compliance curves has already been covered, and involves 
development of a displacement due only to equipment compliance for each load. This 
displacement is subtracted from the displacement measured by the system during the test 
run. Additionally, at the beginning of every run, there is some finite gap between the 
sample and the cross-head fixture, such that there is measured displacement, but zero 
load at the beginning of every data set. The true zero point is found by creating a best-fit 
line which covers the elastic region of the load-displacement curve (useful for narrow 
data bands typical of 21.9 mm data) or a high order polynomial best-fit curve covering 
the entire domain of the data (useful for wide data bands typical of 4.0 mm data). The 
correction is found such that this best-fit curve or line passes through the origin. Each 
load-displacement curve has labeled the point of crack growth initiation as determined 
via the load-separation analysis by a red diamond as seen in Figure 3.1, which is a typical 
representation of the data collected after imposing the two corrections noted above.  





























3.2 Validation of Load-Separation Principal 
 
To verify the load-separation principal, the analysis is completed with 2 blunt 
notched specimens, specimen i and specimen j, whose a/d values are different, but will 
remain static while undergoing 3-point bend testing (no crack growth). This should yield 
a flat Sij curve. 
It has been noted9 that the Sij parameter is not initially constant, but 
asymptotically approaches a constant value. This is attributed to the transition from 
elastic to plastic dominated displacement. The point at which the Sij curve reaches its 
horizontal asymptote is an important marker when analyzing Spb curves and should 
ideally be the same for both Sij and Spb data. 
Load-separation validation curves for each specimen size and printing mode are 
provided in Appendix II. The Sij results are summarized in Table 3.1 and a typical curve 
is provided in Figure 3.2. The table provides information on several important features 
for each Sij curve, including the average slope after plastic displacement becomes 
dominant and the plastic displacement at which this occurs. Slopes near zero represent 
successful validation. The plastic displacement which starts the flat region is correlated to 
Spb curves in the Analysis section. 
Table 3.1: Summary of Sij domain boundaries and slope values 
Specimen Size Printing Mode 
Pl. Disp. at 
Validation (mm) Slope of Sij 
4.0 mm High Quality 0.021 0.21 
4.0 mm High Speed 0.024 -0.25 
4.0 mm Digital 0.033 -0.04 
10.0 mm High Quality 0.029 -0.69 
10.0 mm High Speed 0.022 -0.51 
10.0 mm Digital 0.038 -0.49 
21.9 mm High Quality 0.038 0.02 
21.9 mm High Speed 0.100 -0.33 





















Load-Separation Valadity Best Fit Line
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3.3 Using the Load-Separation Curves to Determine Crack Initiation 
 
Curves of Sij were used to determine whether the load-separation method would 
be applicable to the study of VeroWhite Plus 3-point bend data using two blunt notched 
(constant geometry) specimens. As Sij curves are not used to provide details about 
specimen behavior, but simply as a validation of the procedure, only one Sij curve per 
printing mode and specimen size was created. To determine crack initiation values, Spb 
curves were created using the same methodology, but using a pre-cracked or sharp-
notched specimen (the “p” specimen) and a blunt notched or constant geometry specimen 
(the “b” specimen). 
The complete set of fully annotated Spb curves are provided in Appendix I. A 
typical Spb curve is provided in Figure 3.3. Each curve has the following points labelled: 
the plastic displacement which was used as the start of the load-separation assumption 
becoming valid (plastic dominated displacement), best-fit lines for constant crack length 
zone and crack growth zone as well as the point of crack growth initiation. Both the 
method for creating the Spb curves from load-displacement data and locating these 










































3.4 Determining JIc from Crack Growth Initiation Data 
 
Average JIc values for each specimen size and printing mode, using Equation 
(2.9), are presented in Table 3.2, with the data presented graphically in Figure 3.4. These 
values were found using only the load-displacement data and the fracture initiation point 
from the load-separation analysis. High order best-fit polynomials were used to find areas 
under the load-displacement curve. 
 It is also possible to calculate JIc from the energetic scaling analysis, as KIc was 
one of the factors calculated in intermediate steps: 
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Table 3.2: JIc values and statistical distribution data 
High Quality Printing 
Specimen Size (mm) Avg. Jic (N/mm) Coeff. Variation (N/mm) 
4.0 0.921 0.091 
10.0 1.668 0.033 




   
High Speed Printing 
Specimen Size (mm) Avg. Jic (N/mm) Coeff. Variation (N/mm) 
4.0 0.826 0.065 
10.0 1.367 0.080 
21.9 1.995 0.092 
   
   
Digital Printing 
Specimen Size (mm) Jic (N/mm) Coeff. Variation (N/mm) 
4.0 0.746 0.076 
10.0 1.525 0.088 
































3.5 Scaling Law Parameters KIf and cf 
 
After τN and ?̅? are found from Equation (2.19) and (2.20), the stress intensity 
factor, KIc, at fracture can be found for each specimen. The average KIc and ?̅? are found 
for each size and are used as inputs to the following equation, which re-states Equation 
(2.18) in terms of K instead of G: 
 






    (3.2) 
 
Ideally, each specimen size and printing mode should have unique values for KIf and cf 
that can be found via any method of optimization. Due to the limited number of data sets 
for this investigation, the most appropriate values for cf and KIf were found by plotting 
Equation (3.2) for each specimen size and printing mode and finding the intersection 








































































































The results for High Quality and Digital printing modes were conclusive 
(intersecting curves) and showed similar values for KIf and cf shown in Table 3.3. The 
High Speed printing mode results were qualitatively similar to the other modes, but the 
21.9 mm and 10.0 mm samples approached each other in such a way that significantly 
different values of KIf and cf would be obtained if the intersection point were taken. For 
larger data sets, KIf and cf would likely not be an exact solution. For the High Speed 
curves, the average of the High Quality and Digital curves was uses, which is in the 
vicinity of where the High Speed curves move towards each other into a “good fit”. 
 
Table 3.3: Best-fit values of KIf and cf 
Printing Mode KIf cf 
High Quality 92.41 1.32 
High Speed (est) 81.88 1.25 
Digital 68.28 1.20 
 
With these values, normalized stress and size can be derived and plotted. Figure 3.9 
shows normalized stress vs. normalized specimen size on a log-log plot and Figure 3.10 
shows without taking the log of both sides, both charts are useful for gleaning different 
relationships. A line having a slope of -1/2 is shown for reference. Brittleness number is 
defined as ?̅?/cf. 
 Certain aspects of the data from Figure 3.9 and Figure 3 are extracted in Table 3.4 
and Table 3.5. Table 3.4 presents the maximum theoretical strength of each printing 
mode, along with the percent of that maximum achieved at each size. Table 3.5 presents 
information on the brittleness number for each specimen size and Table 3.6 presents 











Table 3.4: Average percent of theoretical maximum strength for each specimen size and printing mode 
  Printing Mode 
  High Quality  High Speed Digital 
Theoretical Max. Strength (MPa) 80.4 73.2 62.3 
21.9 mm / Avg. % of Max 77.7% 80.2% 76.2% 
10.0 mm / Avg. % of Max 87.7% 83.3% 86.7% 




Table 3.5: Average brittleness number for each specimen size and printing mode 
  Printing Mode 
Specimen 
Size 
High Quality Avg. 
Brittleness No. 




21.9 mm 0.66 0.69 0.72 
10.0 mm 0.30 0.32 0.33 
4.0 mm 0.12 0.13 0.13 
    
 
 
Table 3.6: Brittleness number guidelines2 
Plastic Limit 
Analysis β ≤ 0.1 
Non-linear Zone 0.1 < β < 10  































































3.6 Ductile vs. Brittle Fracture: Size Dependence  
 
 While the complete set of load-separation curves and Sij curves are provided in 
Appendix I, two samples curves and corresponding images of their fracture surfaces are 
provided in this section to highlight several results which will be discussed in detail in the 
Analysis section. On the following pages are curves for both 10.0 mm and 21.9 mm High 
Quality Specimens. Figure 3.11 displays a load-displacement curve with a fully formed 
plastic tail and stable crack growth for a 10.0 mm sample, while Figure 3.12 shows the 
load-displacement curve for a specimen which experienced catastrophic fracture shortly 
after experiencing peak load for a 21.9 mm sample. In the context of Figure 2.14, all 4.0 
mm and 10.0 mm specimens displayed load-displacement curves representative of Curve 
(A). For the 21.0 mm specimens, the Digital print mode produced Curve (A) load-
displacement behavior and High Speed and High Quality print modes produced Curve 
(B) load-displacement behavior. Fracture surface images for 21.0 mm specimens which 
experienced stable crack growth and brittle fracture are presented in Figure 3.13 and 
Figure 3.14, respectively.  
 The labels of fracture surface zones in Figure 3.13 and Figure 3.14 are generic to 







































































Figure 3.13: Fracture surface of specimen 22-16 (Digital printing mode) 
1.4 mm 
Razor Notched 

























3.7 Ductile vs. Brittle Fracture: Printing Mode Dependence  
 
 It was also noted, when constructing the Sij curves for the 4.0 mm specimens, that 
not all the specimens exhibited plastic crack front blunting as was typical for 10.0 mm 
and 21.9 mm samples. A typical Sij diagram for a High Quality 4.0 mm sample is shown 
in Figure 3.15, and a typical Sij diagram for a High Speed or Digital sample is shown in 
Figure 3.16. This effect is primarily evident in how the best-fit lines for the different 
linear zones are formed. For every specimen, best-fit lines were constructed for the crack 
growth and no crack growth regions. For all specimens besides the 4.0 mm Digital and 
High Speed samples, these lines intersected to the right of the no crack growth region. 
For the 4.0 mm Digital and High Speed samples, the lines intersected within the no crack 
growth region. For specimens experiencing no blunting, the lines should intersect exactly 
at the end of the no crack growth zone, but some variability in slope may be expected. 
The important consideration, however, is there was a qualitative difference in the 
transition from no crack growth to crack growth zones which is indicated by how best-fit 









































































3.8 Load at Crack Growth Initiation vs. Maximum Load 
 
 Brittleness can also be seen rooted in the relationship between fracture load and 
maximum load: 
 
   
𝑃𝑖𝑛𝑖𝑡𝑖𝑎𝑡𝑖𝑜𝑛
𝑃𝑚𝑎𝑥
     (3.3) 
 
Because the point of fracture initiation is known, this ratio can be found for every 







































3.9  Spatial Dependence of Modulus 
  
Several specimens were prepared, but one specimen was chosen to focus on, a 
21.9 mm specimen. Three data sets were collected, the first two data sets were low 
resolution, beginning from the outside of the specimen and moving all the way towards 
the center to capture half of a symmetric cross section. The third data set was high 
resolution and focused on the edge of the sample.  
 Figure 3.18 and Figure 3.19 show the results of the first two data sets, plotting 
elastic modulus against position. Clear transitions are noticed between the low modulus 
epoxy and the relatively high modulus specimen.  
 Figure 3.20 shows a high-resolution sample over a smaller area which specifically 
focusses on the edge of the sample.  
 
 









Figure 3.20: Elastic modulus measured by high resolution nano-indentation of edge from Run 1 
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3.10 Fracture Surfaces 
 
 Images of fracture surfaces were taken for every sample tested. A selection of the 
images which will be used in the Analysis section are provided below. 
 
 




























































































4.1 Validation of Load Separation Law 
 
The validation runs were performed using data sets from two blunt specimens, 
having different values for a/d. There are two characteristics of interest when examining 
the Sij curves in order to validate the load-separation principal. The first is the flatness of 
the curve, this determines whether the Spb runs are going to have similar features as 
Figure 2.12. If the Sij curve does not approach a horizontal asymptote, interpretation of 
the Spb curve may be spurious. The second characteristic is where the Sij curve approaches 
the asymptote. Ideally, the validation boundary point of the Sij or Spb functions should 
have the same value: at a certain displacement, plastic deformation dominates and the 
load-separation assumptions become valid. Ithis study, it was found that the Spb validation 
onset almost always lags that of the Sij onset. Because of this, more detail was put into 
explaining the Spb curves and Table 4.1 was populated to support the reasoning that the 
initiation values chosen are legitimate. 
For the Spb specimens, the same criteria for determining validity is used as for the 
Sij specimens. There is an initial zone where the points do not have any meaning due to 
competition between elastic and plastic deformation mechanisms. Then a flat zone where 
both specimens have constant geometries. This can be safely assumed because of the 
flatness of the Sij curves.  
Even though the validation onset values for the Spb function is not always 
identical to that of the Sij function, the Spb initiation values are still considered a robust 
measure of specimen geometry for several reasons, which are explained based on the data 







Table 4.1: Variation of validation domain between Sij and Spb 















4.0 mm High Quality 0.0400 0.0210 90.5% 0.0058 0.1458 
4.0 mm High Speed 0.0490 0.0240 104.2% 0.0000 0.0000 
4.0 mm Digital 0.0378 0.0330 14.4% 0.0010 0.0254 
              
10.0 mm High Quality 0.0290 0.0290 0.0% 0.0000 0.0000 
10.0 mm High Speed 0.0187 0.0220 -15.2% 0.0047 0.2532 
10.0 mm Digital 0.0470 0.0380 23.7% 0.0044 0.0927 
              
21.9 mm High Quality 0.0430 0.0380 13.2% 0.0156 0.3638 
21.9 mm High Speed 0.1030 0.1000 3.0% 0.0052 0.0504 
21.9 mm Digital 0.1417 0.0950 49.1% 0.0052 0.0367 
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Validity of the Spb parameter can be determined independently from the Sij curves 
because of the high correlation between samples. Though the point of validation is 
between the Sij and Spb results does not always coincide, the point of validation between 
Spb curves of the same size and printing mode have a very low normalized standard 
deviation. This shows that the difference in validation point between Sij and Spb curves is 
most likely a geometry factor which is a function of a/d, and not an error. 
It is also noted that in several cases there is excellent agreement between the Sij 
curve and the Spb curve. The difference between the average Sij initiation value and the 
Spb value is attributed to the fact that the Spb curve is made by a single specimen, which 
could have significant variability. 
For this study, the interpretation of the Sij curve is therefore a validation of the 
material’s propensity to be evaluated by the load-separation method, and providing only 
an approximate domain of validity. The domain of validity for Spb curves is then 
determined for each curve individually based on its shape. The results show that the load-
separation principle does provide an accurate description of the differences between two 
specimen geometries for VeroWhite Plus in 3-point bending. 
 
4.2  Significance of Scaling Law 
 
At high brittleness number, materials should approach the -1/2 slope line in Figure 
3.9 (the x-position of this line is approximate only, more data would be needed to locate 
the line definitively). This is the zone of linear elastic fracture mechanics, and high 
brittleness. At low brittleness numbers, values are normally expected to approach a 
horizontal asymptote, which represents the maximum strength of the material. The 
maximum strength can be calculated from the scaling law, and the theoretical maximum 
can be used to normalize the measured values. This is shown in Figure 3.10, which is 
populated by the data in Table 3.4. 
Using the guidelines in Table 3.6, one can see that the specimens used in this 
study span the boundary between the plastic limit load and non-linear region. No 
specimens were used which should provide a strong baseline for the LEFM zone. 
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From Table 3.5 and Table 3.6, the 4.0 mm specimen should provide a strong 
baseline on how small one can print specimens for the maximum strength, the 4.0 mm 
specimens should be very close to the strength limit region. However, when normalized 
strength is plotted against normalized specimen size as in Figure 3.9 and Figure 3.10, 
what is seen is a sharp reduction in the strength of 4.0 mm specimens compared to 10.0 
mm specimens. 
 The behavior of the 4.0 mm specimens as inconsistent with an energetic scaling 
law is reinforced in Figure 3.6, Figure 3.7 and Figure 3.8. The scaling law has two 
independent variables, which should be material properties, cf and KIf. These variables are 
uniquely specified for a material system by as optimization or intersection of the 
functions in Figures 3.6-3.8. The 4.0 mm line in these figures never comes close to 
intersecting the other lines, meaning it cannot be expressed as part of the same scaling 
law, the full behavior of this material cannot be captured by an asymptotic scaling law 
alone. 
 
4.2.1 Brittleness and Size Effect: Load-Displacement Curve Shape 
 
 The 10.0 mm and 21.9 mm specimens can be characterized by an energetic 
scaling law, with unique values of cf and KIf. This behavior (disregarding the 4.0 mm 
sample) is strongly supported by Figure 3.11 and Figure 3.12. Presented in these figures 
are typical load-displacement curves for a 10.0 mm High Quality specimen and a 21.9 
mm High Quality specimen. The larger specimen demonstrates brittle fracture just after 
its maximum load is reached. All 21.9 mm samples printed in High Quality and High 
Speed mode exhibited brittle fracture and no ductile tail. This behavior is very similar to 
the findings of Carpinteri14, who described load-displacement curves using Figure 2.14, 
where ductility increases from (A) to (C). 
 For the 21.9 mm samples, the brittle fracture surface of Figure 3.14 is compared 





4.2.2 Brittleness and Size Effect: Load at Fracture vs Maximum Load 
 
 The ratio between the fracture load and the maximum load can be used as a proxy 
for ductility vs. brittleness. This ratio is plotted in Figure 3.17. What is seen is a mirror 
image of the energetic scaling results. Those specimens with low fracture strength (4.0 
mm and 21.9 mm) are shown to be more brittle, those with higher fracture strength (10.0 
mm) are shown to exhibit a more ductile response. 
 
4.2.3 Brittleness and Printing Mode: Blunting and Ductility 
 
The analysis method used for characterizing the Spb curves using multiple best-fit 
lines for different linear zones worked well for all specimens except for the 4.0 mm High 
Speed and Digital modes, where spurious results were found with this methodology. 
Instead of the best-fit lines intersecting to the right (larger displacement) of the constant 
crack length zone, the lines intersected within the zone. While visually the different curve 
shapes do not appear definitively different, this phenomena is not isolated to a single 
specimen or instance, but is unique to these two entire sets of specimens. The unique way 
the best-fit lines intersect for the 4.0 mm High Speed and Digital printing modes is 
interpreted as a lack of blunting.  
The only structural difference between the High Quality and High Speed samples 
is noted in Table 2.1. High Quality printed layers are about half as thick as High Speed 
and Digital layers. For a 4.0 mm specimen with a 0.5mm ligament thickness, a High 
Quality sample has about 31 layers built up, versus just shy of 16 layers for the High 
Speed and Digital samples.   
 
4.2.4 Fracture Surfaces 
 
 One of the interesting, and unexpected, features found when looking at fracture 
surfaces under an optical microscope is bands in the fracture surface that do not appear to 
conform to the overall shape of the crack front. Figure 3.21 through Figure 3.26 present a 
collection of these images from each specimen size. In other words, the surface through 
  
76 
which the crack progressed shows tearing in a fan pattern, where the crack length is the 
longest at the center of the specimen. The bands do not follow this pattern. The bands 
appear to be horizontal across the fracture surface for the 10.0 mm and 21.9 mm samples 
and concave for the 4.0 mm specimens, almost exactly matching the geometry of the top 
surface of the specimen, as seen in Figure 3.22. This would also be the expected shape of 
layers deposited by the PolyJet manufacturing process. Furthermore, the height of these 
layers is on the same order of magnitude as those expected for individual printed layers. 
If the specimens have layers with different moduli (which is shown in Section 4.3 to be 
likely), it might cause such a corrugation, as different layers experienced different strains 
in response to the crack tip stress field.  
 
4.3 Spatial Dependence of Modulus 
 
 Figure 3.18 does not show any edge effect, but shows a consistent modulus over 
the cross section of the sample in the X-Y plane. Figure 3.19 shows an edge effect, 
however, this was investigated visually under a microscope and at this location there 
appeared to be a foreign inclusion in the sample, so this data should not be used to 
conclude there is UV over-hardening or accelerated aging. Figure 3.20 shows a high-
resolution sample over a smaller area which specifically focusses on the edge of the 
sample. While there is some variation, an edge effect is not clearly distinguishable. 
 It is noted that the modulus values found via nano-indentation are somewhat 
higher than those reported by Stratasys. Stratasys publishes a value of 2,500 MPa for 
VeroWhite Plus and does not distinguish between different printing modes. Based on the 
nano-indentation results, the modulus is between 3,500 MPa and 4,000 MPa.  
 The nano-indentation experiments carried out as a part of this study ran along the 
X-Y plane, parallel to the print layers. While the data collected is flat in the sampling 
direction, there are significant differences among the data sets. Figure 3.18 shows a 
modulus of 3,3000 MPa, Figure 3.19 shows a modulus of 3,600 MPa, and Figure 3.20 
shows a modulus of 4,100 MPa. These tests were performed on the same specimen at 
different values of Z. This alone is strongly conclusive that there are significant 








 First, several key important results are restated, to focus more closely on their 
implications and how to connect them to what is known about size effects: 
 
a) The 10.0 mm and 21.9 mm specimens can be characterized by an energetic 
scaling law with unique material constants cf and KIf 
b) The 4.0 mm sample violates the scaling law, and cannot be characterized by 
the same values of cf and KIf 
c) Thinner printed layers increase ductility, thicker printed layers decrease 
ductility 
d) Evidence of layers are found in both fracture surface images, and 
comparison of hardness data from nano-indentation samples 
 
As the 4.0 mm samples violate the energetic scaling law, secondary effects must 
be considered. In the Introduction, several secondary scaling effects were discussed that 
have been found in different types of material systems. Both fractal crack propagation 
and surface effects were discussed in the context of quasi-brittle materials, and material 
characteristic size effects were shown to produce scaling in metals by affecting plastic 
flow. 
In this study, surface effects were shown to not be a consideration to scaling by 
nano-indentation. Fractal scaling can be disregarded due to the presence of a relatively 
large fracture process zone, with significant stable crack growth prior to failure. This 
leaves open to consideration whether there is a material characteristic dimension that may 
inhibit plastic flow and ductility. 
From the present investigation one can argue that the microstructure characteristic 
length scale is related to the print layer thickness. The critical piece of evidence is in the 
difference in Figure 3.15 and Figure 3.16. Specimens of the same size, made from the 
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same material with the only difference being layer thickness: smaller layer thickness 
increases Dg/dg and increases plasticity specifically in the domain where this effect is 
most prevalent, the smallest specimens. Data on the ratio Dg/dg, where dg is the printed 
layer thickness is presented in Table 5.1. Layer thickness does not affect plasticity for 
larger specimens because Dg/dg is already so high, therefore both the 21.9 mm High 
Quality and 21.9 mm High Speed both exhibited brittle fracture. At values of Dg/dg 
between 92 and 171, the energetic scaling law is dominant and increased size leads to 
increased brittleness. 
 
Table 5.1: Dg/dg for each specimen size. 
Specimen Size Ligament Length Dg/dg 
21.9 mm 2.75 mm 100-167 
10 mm 1.25 mm 50-100 
4 mm 0.5 mm 16.7-33.3 
 
 In addition to providing information on scaling which could be of great value for 
the design of hierarchical material systems using VeroWhite Plus, a number of secondary 
results of interest were produced throughout the analysis. One of the most significant is 
the applicability of the load-separation procedure, which is a powerful technique for 
studying crack growth. The only limitations on the technique experienced in this analysis 
was noise, which requires statistical tools to discern trends in data.  
 With so few data points, the secondary results also proved critical to providing 
confidence in the scaling law. Validation of scaling by looking at relative brittleness 













6. CONCLUSIONS AND FUTURE WORK 
 
 This study began with the hypothesis that 3D printed VeroWhite parts from the 
Polyjet process  would follow an energetic strength scaling law such that it would 
possible to find values of KIf and cf which are unique to this material. Such data could 
then be used by other users to develop micro-architectured and multi-scale materials with 
tailored and well defined properties. What was found was that the scaling law was not 
monotonic, but has a local maximum, after which strength decreases. This is very 
valuable information for building a multi-scale lattice structure as it indicates the lattice 
size to use for the highest specific strength. 
 To support the scaling data, brittleness was investigated at both quantitatively 
(ratio of fracture load to maximum load) and qualitatively (shape of load-displacement 
and load-separation curves). What was found was that these more simplistic models 
supported the conclusions of a local strength maximum around the 10.0 mm specimen 
size. 
 Based on secondary scaling effects in other materials, possible driving forces for 
the decrease in strength with sample length scale were investigated. Surface to Volume 
ratio scaling was disregarded due to results of nano-indentation. Knowledge of the 
printing process, nano-indentation results and fracture surface images introduced the 
possibility that printed layer thickness could be a characteristic length scale. Comparing 
ductility to values of Dg/dg supported this theory.  
 It is suggested that future work focus on further confirming this theory, and on 
developing a mechanistic model as to why decreases in Dg/dg reverses the energetic 
scaling law. For metals the micro-mechanics are known: when dimensions are several 
grain diameters, the chief plastic deformation contribution, the movement of grains 
relative to each other, is prohibited. No obvious corollaries exist for polymers, where 
grains do not exist. A first step may be to perform nano-indentation in the Z direction, 
which would be able to provide information on layer formation during the printing 
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process. A greater understanding of the physics of layer deposition and hardening is 
likely a crucial component for understanding how the microstructure changes within and 
between layers, and how this affects deformation and plasticity. 
 An increase in the number of specimen sizes would provide additional confidence 
in the results presented and would also provide greater precision as to the location of the 
maximum strength. The printer is unable to make perfectly sharp corners, which appears 
to be more significant at smaller specimen sizes, as the rounded corners make up a large 
portion of the specimen. While an edge effect was ruled out as affecting strength scaling, 
the effect of shape may be an area of investigation. 
 The load-separation principal is a powerful tool, which cuts through the need to 
make qualitative judgement calls about crack initiation. This method should become even 
more powerful with increased precision. Within the current analysis, noise was the chief 
attribute which inhibited interpretation of the results. To use this analysis even more 
effectively in the future, the supplementary tools employed with it (best-fit lines) should 
be studied in more detail. This includes how to best identify crack growth initiation, 
possibly by performing load-separation analysis along with multi-specimen crack front 
tracking using SEM. This has been done before6, but not with this material. This would 
not only provide a better understanding of VeroWhite Plus, but also would be a valuable 
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Corrected Crosshead Displacement (mm)
4mm - High Quality Printing - Specimen BBBRG





















4mm - High Quality Printing - Specimen BBBRG


























Corrected Crosshead Displacement (mm)
4mm - High Quality Printing - Specimen BBRBG





















4mm - High Quality Printing - Specimen BBRBG

























Corrected Crosshead Displacement (mm)
4mm - High Quality Printing - Specimen BBRRG





















4mm - High Quality Printing - Specimen BBRRG

























Corrected Crosshead Displacement (mm)
4mm - High Quality Printing - Specimen BRBBG



















4mm - High Quality Printing - Specimen BRBBG
























Corrected Crosshead Displacement (mm)
4mm - High Speed Printing - Sample GRRBR























4mm - High Speed Printing - Specimen GRRBR
























Corrected Crosshead Displacement (mm)
4mm - High Speed Printing - Sample GRRRB























4mm - High Speed Printing - Specimen GRRRB
























Corrected Crosshead Displacement (mm)
4mm - High Speed Printing - Sample GRRRR






















4mm - High Speed Printing - Specimen GRRRR

























Corrected Crosshead Displacement (mm)
4mm - Digital Printing - Specimen BRO






















4mm - Digital Printing - Specimen BRO


























Corrected Crosshead Displacement vs. Load
4mm - Digital Printing - Specimen OBR























4mm - Digital Printing - Specimen OBR


























Corrected Crosshead Displacement (mm)
4mm - Digital Printing - Specimen ORB






















4mm - Digital Printing - Specimen ORB


























Corrected Crosshead Displacement (mm)
4mm - Digital Printing - Specimen RBO






















4mm - Digital Printing - Specimen RBO





























Corrected Crosshead Displacement (mm)
10.0 mm - High Quality Printing - Specimen 10-23























10.0 mm - High Quality Printing - Specimen 10-23





























Corrected Crosshead Displacement (mm)
10.0 mm - High Quality Printing - Specimen 10-24























10.0 mm - High Quality Printing - Specimen 10-24





























Corrected Crosshead Displacement (mm)
10.0 mm - High Quality Printing - Specimen 10-26






















10.0 mm - High Quality Printing - Specimen 10-26




























Corrected Crosshead Displacement (mm)
10.0 mm - High Speed Printing - Specimen 10-15(2)
























10.0 mm - High Speed Printing - Specimen 10-15(2)




























Corrected Crosshead Displacement (mm)
10.0 mm - High Speed Printing - Specimen 10-16(2)
























10.0 mm - High Speed Printing - Specimen 10-16(2)




























Corrected Crosshead Displacement (mm)
10.0 mm - High Speed Printing - Specimen 10-17























10.0 mm - High Speed Printing - Specimen 10-17



























Corrected Crosshead Displacement (mm)
10.0 mm - Digital Printing - Specimen 10-01





















10.0 mm - Digital Printing - Specimen 10-01



























Corrected Crosshead Displacement (mm)
10.0 mm - Digital Printing - Specimen 10-02





















10.0 mm - Digital Printing - Specimen 10-02



























Corrected Crosshead Displacement (mm)
10.0 mm - Digital Printing - Specimen 10-03




















10.0 mm - Digital Printing - Specimen 10-03



























Corrected Crosshead Displacement (mm)
21.9 mm - High Quality Printing - Specimen 22-35






















21.9 mm - High Quality Printing - Specimen 22-35



























Corrected Crosshead Displacement (mm)
21.9 mm - High Quality Printing - Specimen 22-36






















21.9 mm - High Quality Printing - Specimen 22-36



























Corrected Crosshead Displacement (mm)
21.9 mm - High Quality Printing - Specimen 22-37






















21.9 mm - High Quality Printing - Specimen 22-37



























Corrected Crosshead Displacement (mm)
21.9 mm - High Quality Printing - Specimen 22-38





















21.9 mm - High Quality Printing - Specimen 22-38



























Corrected Crosshead Displacement (mm)
21.9 mm - High Speed Printing - Specimen 22-26






















21.9 mm - High Speed Printing - Specimen 22-26



























Corrected Crosshead Displacement (mm)
21.9 mm - High Speed Printing - Specimen 22-27






















21.9 mm - High Speed Printing - Specimen 22-27


























Corrected Crosshead Displacement (mm)
21.9 mm - High Speed Printing - Specimen 22-28





















21.9 mm - High Speed Printing - Specimen 22-28

























Corrected Crosshead Displacement (mm)
21.9 mm - Digital Printing - Specimen 22-16





















21.9 mm - Digital Printing - Specimen 22-16

























Corrected Crosshead Displacement (mm)
21.9 mm - Digital Printing - Specimen 22-17





















21.9 mm - Digital Printing - Specimen 22-17

























Corrected Crosshead Displacement (mm)
21.9 mm - Digital Printing - Specimen 22-18





















21.9 mm - Digital Printing - Specimen 22-18

























Corrected Crosshead Displacement (mm)
21.9 mm - Digital Printing - Specimen 22-19




















21.9 mm - Digital Printing - Specimen 22-19





















































4mm - High Quality Printing




















4mm - High Speed Printing



















4mm - Digital Printing






















10.0 mm - High Quality Printing






















10.0 mm - High Speed Printing





















10.0 mm - Digital Printing

























21.9 mm - High Quality Printing
Plastic Displacement vs. Sij






















21.9 mm - High SpeedPrinting
























21.9 mm - Digital Printing

































































4mm - High Quality
Data Set: Run #1 & Run #2 




























4mm - High Speed
Data Set: Run #1 & Run #2 
Fit: 6th order polynomial




























Data Set: Run #1 
Fit: 6th order polynomial































10.0 mm - High Quality Printing
Data Set: Run #1 & Run #2 
Fit: power































10.0 mm - High Speed Printing
Data Set: Run #1 
Fit: power






























10.0 mm - Digital Printing
Data Set: Run #1 & Run #2 
Fit: power





























21.9 mm - High Quality Printing
Data Set: Run #1 & Run #2 
Fit: power




























21.9 mm - High Speed Printing
Data Set: Run #2 
Fit: 6th order polynomial
Limit: Load < 32N
y = -8.553E-10x6 + 9.184E-08x5 - 3.915E-06x4 + 8.464E-05x3 - 9.849E-04x2 + 7.526E-
03x
Fit : linear
Limit: 32N ≤ Load ≤ 34N




























21.9 mm - Digital Printing
Data Set: Run #2 
Fit: 6th order polynomial

























































































































































































O-B-R 0.627 0.714 0.968 sharp 0.5 Digital 
O-R-B 0.608 0.694 0.974 sharp 0.5 Digital 
B-R-O 0.622 0.687 0.969 sharp 0.5 Digital 
R-B-O 0.611 0.676 0.979 sharp 0.5 Digital 
B-B-O   0.695 0.972 blunt 0.3 Digital 
R-R-O   0.703 0.973 blunt 0.3 Digital 
O-B-B   0.694 0.970 blunt 0.3 Digital 
O-O   0.672 0.970 blunt 0.4 Digital 












GRRBB 0.569 0.592 1.024 sharp 0.5 HS 
GRRBR 0.557 0.598 1.031 sharp 0.5 HS 
GRRRB 0.557 0.597 1.030 sharp 0.5 HS 
GRRRR 0.546 0.598 1.022 sharp 0.5 HS 
GBBBB   0.594 1.024 blunt 0.3 HS 
GBBBR   0.606 1.031 blunt 0.3 HS 
GBBRB   0.590 1.025 blunt 0.3 HS 
GBBRR   0.603 1.016 blunt 0.3 HS 
GRBBB   0.599 1.027 blunt 0.4 HS 












BBRRG 0.546 0.555 1.040 sharp 0.5 HQ 
BBRBG 0.548 0.553 1.038 sharp 0.5 HQ 
BBBRG 0.546 0.555 1.041 sharp 0.5 HQ 
BRBBG 0.543 0.564 1.041 sharp 0.5 HQ 
BBBBG   0.555 1.045 blunt 0.3 HQ 
BRRRG   0.558 1.042 blunt 0.3 HQ 
BRRBG   0.557 1.038 blunt 0.3 HQ 
BRBRG   0.556 1.040 blunt 0.3 HQ 


















10-01 1.350 1.357 2.500 sharp 1.25 Digital 
10-02 1.353 1.361 2.499 sharp 1.25 Digital 
10-03 1.359 1.364 2.499 sharp 1.25 Digital 
10-07 1.358 1.365 2.501 blunt 0.75 Digital 
10-10 1.355 1.369 2.513 blunt 0.75 Digital 
10-16 1.352 1.352 2.512 blunt 1.05 Digital 












10-15 (2) 1.315 1.336 2.532 sharp 1.25 HS 
10-16 (2) 1.314 1.333 2.536 sharp 1.25 HS 
10-17 1.315 1.326 2.536 sharp 1.25 HS 
10-18 1.310 1.330 2.530 blunt 0.75 HS 
10-19 1.312 1.323 2.535 blunt 0.75 HS 
10-21 1.314 1.334 2.534 blunt 0.75 HS 
10-22 1.316 1.338 2.537 blunt 1.05 HS 












10-23 1.311 1.322 2.497 sharp 1.25 HQ 
10-24 1.309 1.310 2.492 sharp 1.25 HQ 
10-26 1.314 1.316 2.498 sharp 1.25 HQ 
10-27 1.309 1.318 2.495 blunt 0.75 HQ 
10-28 1.307 1.315 2.497 blunt 0.75 HQ 
10-29 1.308 1.312 2.497 blunt 0.75 HQ 
10-30 1.306 1.325 2.498 blunt 0.75 HQ 
























22-16 2.797 2.806 5.454 sharp 2.75 Digital 
22-17 2.799 2.809 5.459 sharp 2.75 Digital 
22-18 2.792 2.793 5.456 sharp 2.75 Digital 
22-19 2.795 2.797 5.453 sharp 2.75 Digital 
22-20 2.799 2.807 5.453 blunt 1.1 Digital 
22-21 2.795 2.796 5.455 blunt 1.1 Digital 
22-22 2.800 2.801 5.454 blunt 1.1 Digital 
22-23 2.803 2.810 5.453 blunt 1.1 Digital 
22-25 2.789 2.790 5.455 blunt 1.9 Digital 












22-26 2.763 2.763 5.476 sharp 2.75 HS 
22-27 2.758 2.759 5.470 sharp 2.75 HS 
22-28 2.764 2.766 5.469 sharp 2.75 HS 
22-29 2.762 2.765 5.469 sharp 2.75 HS 
22-30 2.755 2.758 5.471 blunt 1.1 HS 
22-32 2.765 2.768 5.477 blunt 1.1 HS 
22-33 2.761 2.764 5.472 blunt 1.1 HS 
22-34 2.772 2.769 5.473 blunt 1.9 HS 












22-35 2.756 2.767 5.479 sharp 2.75 HQ 
22-36 2.755 2.759 5.472 sharp 2.75 HQ 
22-37 2.757 2.767 5.481 sharp 2.75 HQ 
22-38 2.755 2.764 5.474 sharp 2.75 HQ 
22-39 2.758 2.761 5.472 blunt 1.1 HQ 
22-40 2.756 2.762 5.475 blunt 1.1 HQ 
22-43 2.754 2.762 5.470 blunt 1.9 HQ 
 
 
